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1. INTRODUCTION 
Let D be a skew field and C be the centre of D. 
By a central extension of D we mean an extension skew field E of D which 
is generated, as a skew field, by D together with the centre of E. In Section 2 
below we remark that for any extension field K of C, if D & K has no zero- 
divisors then D Qc K is in fact an Ore domain, and its skew field of fractions 
is a central extension of D with centre K; further, every central extension 
of D arises in this way. So in particular, a central extension is uniquely deter- 
mined by its centre. 
Section 3 below studies the case where every field extension of C occurs 
as the centre of some central extension of D. More generally, consider any 
subfield k of C and call the extension D/k regular if, for every field extension K 
of k, D Qa K is an Ore domain (or equivalently, has no zerodivisors). For k a 
perfect field it is found that D/k is regular if and only if k is totuZZy aZgebraicuZZy 
closed in D, that is, every irreducible polynomial over k remains irreducible 
over D. 
If  D is commutative, it is well known that having k totally algebraically 
closed in D is equivalent to having k algebraically closed in D; however, an 
example in Section 4 will show that this does not hold in the noncommutative 
case. 
In Section 5 we observe that there always exists an extension skew field D 
of D such that D’ has centre k and for any extension field K of k, D’ or K 
is an Ore domain if and only if D @a K is an Ore domain. In certain circum- 
stances this fact permits one to add the hypothesis that k be the centre of D 
with no essential loss of generality. 
In fact LY is a free skew field D&X)) over D on a k-centralizing set X. 
Section 6 draws attention to the surprising property of Dk<(X)) that whenever 
D is not a normal extension of k, there exist polynomials irreducible over D 
that become reducible over Dk((X)), and in fact split into linear factors. 
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2. CENTRAL EXTENSIONS 
Throughout, we fix a skew field D and a subfield k of the centre of D, and 
let C denote the centre of D. 
The purpose of this section is to set down for later reference some basic 
facts about central extensions of D. 
Recall that a ring R is said to have a total ring of fractions, Q(R), if the set 
of non-zerodivisors of R forms a (left and right) denominator set S of R, and 
then Q(R) = S-lR; cf. [3, p. 4341. 
The following result will be useful. 
LEMMA 1. For any extension$eld K of k, D OS K has a total ring of fractions 
which is a direct limit of Artinian subrings. In particular, D Ok K is an Ore 
domain whenever it has no proper zerodivisors. 
Proof. Let X be a transcendence basis of K over k. Then the polynomial 
ring D[x] is an Ore domain, with skew field of fractions D(X). Let S = 
D[Xj - (0). Th en D(X) C&W K = D(X) &XI K = (S-WYI) &XI K = 
S-l@%Xl &XI K) = SYD Ok K) so D(X) @.k) K is an Ore localization 
of D or K. Further, D(X) &.h) K > (D Ok k(X)) Ok(*) K = D ok: K, so S 
is a set of non-zerodivisors in D Q K. Finally, K is a direct limit of finite 
extensions of k(X), so D(X) &tX) K is a direct limit of Artinian subrings, 
so every nonunit is a zerodivisor. Thus every non-zerodivisor in D Ok K 
becomes invertible in D(X) Ok(*) K, so this is the total ring of fractions of 
D&K. I 
The following characterizes central extensions of D in terms of their centres. 
PROPOSITION 2. (i) If E is a central extension of D with centre K then 
Q(D mc K) = E. 
(ii) Conversely, if K is a field extension of C such that D 6& k’ has no 
proper zerodivisors then Q(D oc K) is a central extension of D with centre K. 
Proof. (i) Since D & K is a simple ring, the natural homomorphism 
D oc K + E is an embedding. Hence D mc K has no proper zerodivisors, 
so by Lemma 1 is an Ore domain. Further, its skew field of fractions is con- 
tamed in E, and contains D together with the centre of E, so is precisely E. 
(ii) Let E = Q(D & K), and let L be the centre of E. Then L contains 
K so E is a central extension of D. By (i) then, D &L embeds in E. But E 
is the skew field of fractions of D oc K, and D ocL is free as left D oc K 
module, so must be free of rank 1, that is, L = K. 1 
For example, taking K = C(X) in Proposition 2(ii), we conclude that the 
centre of D(X) is C(X); cf. [4, Lemma 6.3.51. 
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3. REGULAR EXTENSIONS 
Recall that k is said to be totally algebraically closed in D if every irreducible 
polynomial in k[t] remains irreducible in D[t]. The next result relates this 
concept to that of central extensions of D. 
PROPOSITION 3. The following are equivalent: 
(i) k is totally algebraically closed in D. 
(ii) For every simple algebraic extension$eld K of k, D OK K is a skew Jield. 
(iii) Every manic left factor in D[t] of aa element of k[t] lies in k[t]. 
Condition (iii) may be expressed by saying that k[t] is l-inert in D[t], cf. 
[2; p. 611. 
Proof. (i) 9 (ii). Let f b e an irreducible polynomial in k[t], so the field 
K = k[t]/k[t]f is an arbitrary simple algebraic extension of k. Now D Ok K = 
D OR NWPlf = ~Pl/~[tlf~ and since D[t] is a principal left ideal domain, 
this is a skew field if and only if f is irreducible in D[t], Hence (i) and (ii) are 
equivalent. 
(i) =z= (iii). Let g E D[t] b e a manic left factor off E k[t], say f = gh. Choose 
an irreducible manic factor p off in k[t]. By (i), p remains irreducible in D[t] 
and is central, so is a factor of h or g. Hence either g or p-lg is a manic left 
factor of p-If. By induction on the degree off we conclude that g or p-‘g lies 
in k[t], and hence g E k[t]. 
(iii) z- (i) is obvious. 1 
Let K denote the algebraic closure of k. 
COROLLARY 4. If D OK K is a skew Jield then k is totally algebraically closed 
in D. If k is perfect the converse is true. 
Proof. The first part is clear since K contains every simple algebraic extension 
of k. Conversely, if k is perfect then k is a direct limit of simple algebraic 
extensions of k so D Or K is a direct limit of skew fields, so is a skew field. fl 
We say the extension D/k is regular if D OK K is an Ore domain for every 
field extension K of k. Note that when this holds k is totally algebraically 
closed in D, by Proposition 3. Further, K will be totally algebraically closed 
in Q(D OK K) for any extension K of k, since Q(D @,L) = Q(Q(D OK K) 
G&L) for any extension L of K. For D commutative it is known (cf. [3, Theo- 
rem 6.10.41) that D being a regular extension of k is equivalent to D Ok 6 
being a field, and we shall find that this extends to the noncommutative case. 
The basic result is the following; cf. [3, Lemma 6.10.31. 
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THEOREM 5. If  k is totally algebraically closed in D then, for any set X of 
central indeterminates, k(X) is totally algebraically closed in D(X). 
Proof. By induction it suffices to show that for any central indeterminate x, 
k(x) is totally algebraically closed in D(x). Suppose that g(x, t) E D(x)[t] is a 
manic left factor of some f  (x, t) in k(x)[t]. By Proposition 3 it suffices to show 
that g(x, t) lies in k(x)[t]. 
Consider first the case where k is infinite. If f  (x, t) = g(x, t) h(x, t) then 
for all but finitely many cy E k, f  (o1, t), g(a, t), and h(ar, t) are all defined in D[t] 
and satisfy f(q t) = g(=, t) h(a, t). S ince k is totally algebraically closed in D, 
we see by Proposition 3 that g(a, t) E k[t], for infinitely many (Y E k. This means 
that for any coefficient c(x) E D(x) of g(x, t), viewed as a polynomial in t, we 
have c(a) E k for infinitely many 01 E k. Write c(x) = a(x)-l b(x) = b’(x) a’(x)-‘, 
a(x), b(x), a’(x), b’(x) E D[x]. In (D OK D)[x] = D[x] @k[z~ D[x], consider the 
element P(x) = a(x) @ b’(x) - b(x) @ a’(x). For infinitely many OL E k, C(U) E k, 
so P(a) = a(a) @ c(a) a’(ar) - a(a) c(a) @a’(a) = 0. Say P(x) vanishes for 
x = 011 ) 012 )... in k. Then the (~l$ are central, and the differences 0~~ - (~3 (i # j) 
are non-zerodivisors in D Ok D, because they lie in k, so by a familiar argument 
we deduce that for any 71, P(x) = (x - 01~) *** (x - a,) Q(x) for some Q(x). 
By taking n greater than the degree of P(x) we see that P(x) = 0. It follows 
that a(x), b(x) are right k[x]-dependent, so a(x)-l b(x) E k(x), that is, c(x) E k(x). 
Hence g(x, t) E k(x)[t]. 
In the case where k is finite, it is perfect, so D Ok h is a skew field by 
Corollary 4. Clearly K is infinite and is totally algebraically closed in D Ok K. 
So by the previous case, g(x, t) lies in h(x)[t]. Here we are working over 
(D OK 464 1 D(x) @ho) t;(xh so g(x, t> E &+I n WPI = WPI. 
This completes the proof that k(x) is totally algebraically closed in D(x). a 
We now have the desired result. 
COROLLARY 6. D/k is regular if and only if D Ok K is a skew field. I f  k is 
perfect these statements are further equivalent to k being totally algebraically 
closed in D. 
This is well known in the case k = k; cf., e.g., [l, p. 651. 
Proof. If D/k is regular then D OR k has no proper zerodivisors and so 
is a skew field. Conversely, suppose that D Ok h is a skew field. Let K be any 
field extension of k. Write a for the algebraic closure of K, a field extension 
of A. Any finitely generated subextension L of K over fi is separably generated 
over k, so is a simple algebraic extension of a purely transcendental extension 
h(X) of K. Since K is totally algebraically closed in D Ok h, k(X) is totally 
algebraically closed in (D OS A)(X), by Theorem 5. Thus (D Ok K)(X) Brcx, L 
is a skew field, so the subring D or L is an Ore domain. On taking the direct 
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limit over all such L we find that D Or if is an Ore domain, and hence so 
is the subring D or K. This proves that D/k is regular. 
The second part of the corollary follows from Corollary 4. 1 
In the case where D is commutative there is a third statement equivalent 
to D/k being regular, namely k algebraically closed in D and every finitely 
generated subextension of D over k being separably generated over k. Thus 
one might conjecture that in the noncommutative case, D/k is regular if and 
only if k is totally algebraically closed in D and D Ok W/p is a skew field, where 
p is the characteristic of k. 
We do not know whether or not this obviously necessary condition is 
sufficient. However it is sufficient if kllp is a simple algebraic extension of k 
(e.g., if k has transcendence degree 1 over a perfect field). We leave as an 
exercise to the interested reader the equivalence of the following statements. 
(i) kllp is a simple algebraic extension of k. 
(ii) K is a direct limit of simple algebraic extensions of k. 
(iii) Every finitely generated extension of k is a simple algebraic extension 
of a purely transcendental extension of k. 
(iv) For every skew field D containing k in its centre, D/k is regular 
if (and only if) k is totally algebraically closed in D. 
4. AN EXAMPLE 
In this section we construct a skew field D with a central subfield k that 
is algebraically closed in D but not totally algebraically closed in D. 
Let k be a field of characteristic different from 2, and containing elements 
01, 3 such that k(#, /W) has degree 4 over k. 
Recall that for any field L of characteristic different from 2, and any a, b EL, 
the quaternion L-algebra D = (a, b/L) is the L-algebra generated by two elements 
II, w such that u2 = a, w2 = b, uv = --vu; cf., e.g., [3, 8.61. D fails to be a 
skew field if and only if there exist x, y, x EL, not all zero, such that ux2 + by2 = 
z2; cf., e.g., [3, Proposition 8.6.21. 
Set D = (cd, j3 - t/k(t)), t a central indeterminate. For any finite extension 
K of k, D Ok K = (cd, p - t/K(t)) has p ro er p zerodivisors if and only if 
there exist x, y, z E K(t), not all zero, such that 
cd * x2 + (j3 - t) * y2 = 22. (1) 
Suppose (1) holds. Then by clearing denominators we may assume X, y, z 
lie in K[t], and clearly none of them can be zero. By comparing leading terms 
in (1) we see that OL is a square in K. By comparing lowest terms in (1) we see 
that /3 is a square in K. Hence K 1 k(c2/2, jW2). Conversely, if K 2 k(wY2, f1112) 
then (1) holds in K(t) with x = 1, y = a1f2, z = (c#/~. 
481/63/r-11 
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Thus D Ok K has proper zerodivisors if and only if K > k(a1f2, ,Pl”). From 
this it is immediate that D is a skew field, and further k is not totally algebraically 
closed in D, since k(~yl/~, /3’i2) is a simple algebraic extension of K, but D Ok 
k(cA2, /3*j2) is not a skew field. 
Finally, suppose that K is not algebraically closed in D, so there is a simple 
algebraic extension K N K[x]/k[x]f of k contained in D, where f  is an irre- 
ducible polynomial of degree at least 2. Then D Ok K E D[x]/D[x]f and this 
is not a skew field since f  has a zero in D and hence a linear factor in D[x]. 
So by the above, K 1 K(‘Y~/~, /V2). Hence till2 E D and we may take K = k(~~l/~), 
a contradiction. This proves that k is algebraically closed in D. 
5. CONTRACTING THE CENTRE 
It is often easier to deal with the centre of a skew field than with an arbitrary 
central subfield. The next result, together with results from [5], will permit 
us to convert certain statements about a central subfield to statements about 
the centre of a larger skew field. For instance, from the example in the last 
section we deduce that there is a skew field D whose centre is algebraically 
closed in D but not totally algebraically closed in D. 
Let R be a ring. Recall that an n x n matrix over R is said to be full if it 
cannot be expressed as the product of an n x n - 1 matrix by an n - 1 x n 
matrix. I f  the ring obtained from R by formally inverting all the full matrices 
is a skew field then R is called a Sylvester domain (cf. [6]) and the skew field 
is denoted U(R). For example, every$fir (=free ideal ring; cf. [2,4]) is a Sylvester 
domain. 
THEOREM 7. Let R be a k-algebra that is a Sylvester domain, and suppose 
that the center of U(R) is the field of fractions of the centre of R. 
Let K be an extension field of k and let 2Y be a subset of R & K that becomes 
invertible in Q(U(R) Ok K). I f  the ring, RK say, obtained by formally inverting 
.Z in R Ok K is a Sylvester domain then Q( U(R) @I, K) = U(RK). 
Proof. Let Q = Q(U(R) Ok K). We claim that the homomorphism R - Q 
is honest, that is, it maps full matrices to full matrices. Since every matrix over R 
is mapped to an invertible matrix over Q, it suffices to show that every invertible 
matrix, or equivalently every identity matrix, is full over Q. But by Lemma I, 
Q is a direct limit of Artinian subrings, and identity matrices are full over 
these. (For if T is a nonzero Artinian ring and the n x n identity matrix over T 
is not full then Tn-l has a direct summand isomorphic to Tn and this gives 
rise to an infinite descending chain of submodules of T”-l.) It follows that 
R + Q is honest, as claimed. By definition of RX there is a factorization 
R+R@,K-+R,+Q, so R-+Rx is honest. Hence there is induced a 
map U(R) + U(R,). 
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Now write S for the centre of R and Q(S) for its field of fractions, the centre 
of U(R). As a subring of RK , S or K has no proper zerodivisors and so has 
a field of fractions Q(S or K) contained in U(R,) and containing Q(S). Hence 
we have a map U(R) @ots) Q(S @J1, K) --f U(RK) whose domain is simple, 
so it is an embedding. Now Q(S Ok K) I Q(S) Ok K so we see that the map 
U(R) @I, K + U(R,) also is an embedding. By Lemma 1, U(R) Ok K is 
then an Ore domain and U(R,) 2 Q( U(R) @+ K). As the latter contains the 
image of RK we have Q(U(R) Ok K) = U(R,). 1 
This result can be applied to the free D-ring R = Dk(X) on a K-centralizing 
set X. Here R is the coproduct D MB k(X) and is a fir; cf. [2, Ex. 2.4.61. U(R) 
is denoted by Dk((X)), and by [5, Theorem 4.41 its center is k, apart from the 
two essentially trivial cases 
X empty, 
D = k, X having one element. 
Thus we see that in all cases the center of U(R) is the field of fractions of the 
center of R. Now for any field extension K of k choose a transcendence basis T 
for K over k, and let .Z = D[T] - (0). Then Z is a subset of R Ok K that 
becomes invertible in Q( U(R) Ok K), since it lies in U(R)[T] - (0). Further, 
R, = Q(D Ok K) UK K(X) = Q(D al, K)K(X) is a fir (hence a Sylvester 
domain) provided that Q(D Ok K) is a skew field. Thus we have the following. 
COROLLARY 8. Let K be a field extension of k and let X be a set. If D Ok K 
is an Ore domain then Q(Dk((X)) gl, K) = U(Q(D Ok K)&X)). In particular 
Q(WW Ok K) = K&W I 
And as a consequence of this we have 
COROLLARY 9. There is a skew field D’ containing D with center k such that, 
for any $eld extension K of k, D’ Ok K is an Ore domain if and only if D @J1, K
is an Ore domain. 
Proof. If D = k there is nothing to prove. Otherwise we take D’ = Dk((x)). 
If D oI, K is an Ore domain then by Corollary 8 D’ oI, K is an Ore domain. 
Conversely, if D’ Ok K is an Ore domain then so is the subring D Ok K. a 
6. A STRANGE PROPERTY OF FREE FIELDS 
From Corollary 8 we see that k is totally algebraically closed in k{(X)), 
and indeed k((X))/k is regular. By contrast there may be polynomials irre- 
ducible over D that become reducible over 0,((X)). 
150 COHN AND DICKS 
LEMMA 10. Let f be un irreducible polynomial in C[t], and let f = p, .a* p, 
be a factorization off into irreducible factors in D[t]. Then all the pi have the 
same degree. 
Proof. By [7, p. 451 or [2, p. 2281 all the D[t]/piD[t] are right D[t]-iso- 
morphic, so are right D-isomorphic, that is, all the pi have the same degree. i 
The extension D/k is said to be normal if every irreducible polynomial over K 
that has a zero in D splits into linear factors over D. The preceding lemma 
says that D/C is always normal. 
PROPOSITION 11. If D/k is not normal then there exist irreducible polynomials 
over D that become reducible over DK((x)) and split into linear factors. 
We remark that the linear factors need not commute. 
Proof. By hypothesis there is an irreducible polynomial .f in k[t] that has 
a zero in D but does not split into linear factors over D. Say f = g, .*a g, is a 
factorization into irreducible factors in D[t], and g, is linear. If we factor each 
of the gi into irreducible factors over Dk((x)) we get a factorization f  = p, .*a p, 
over Dk<(x)) and p, is linear. Now by Lemma 10 and the fact that the centre 
of D,{(x)) is k, all the pi are linear. So all the gi split into linear factors over 
G&P I 
To illustrate the above result let us now produce a concrete example of a 
linear factor that appears automatically. 
PROPOSITION 12. Let f  be a polynomial in C[t], and a E D be a zero off 
that does not lie in C. Choose d E D so that [d, w] =: da - ad is nonzero. Then 
for /3 = [d, a]-’ . 01 . [d, a], f  = (t - a) . (t - p) . h for some h E D[t]. 
Proof. This is just the case a = b of [4, Theorem 8.4.4(iii)]. A direct 
verification of the result can be performed as follows. View D as a left C[t]- 
module via the map C[t] -+ D, q(t) t-+ q(p). Then D is a (C[t], D)-bimodule, 
in fact, a right D[t]-module, and we have a right D[t]-linear map, D[t] -+ D, 
again denoted by q(t) H q(p), with kernel (t - /3) D[t]. Factor f  = (t - a) . q(t), 
say q(t) = C tiqj , where qi = 0 for i < 0 and i > deg(q). Then q(p) = C ,!Pqi 
so [d, a] q(p) = x ai[d, a] pi . Now 
14 4 qi = id, “qil + 4qi 74 
= [d, ol~i - qi-11 + a[qi , d] - [qi-1 9 d]- 
But f  = (t - a) . q(t) so aqi - qiml lies in C for all i, and therefore [d, a] qi = 
a[qa , d] - [qiP1 , d]. Hence [d, a] q(p) = C ai+l[qi , d] - C ai[qiT1 , d] and this 
is clearly 0 so q(p) = 0 as desired. 1 
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